In the present work, a new mathematical model within the context of generalized thermoelasticity and fractional order heat conduction equation has been constructed to study the thermoelastic behavior of a semi-infinite rod made of Piezoelectric ceramic. The Laplace transformation method is employed to solve the governing equations and obtained the solution of the problem in the Laplace transform domain. The inverse Laplace transform is computed using a complex inversion formula of the transform based on a Fourier expansion. The effects of the fractional order parameter, two temperature parameter, ramp time and time parameters on the field functions are illustrated graphically. Stress components start to be tensile in the region near the source of heating. However; it becomes compressive in the region away from the heat source. The strain resembles the same behavior as the tensile.
Introduction
The theory of thermoelasticity is concerned with predicting the thermomechanical behavior of elastic solids. It represents a generalization of both the theory of elasticity and theory of heat conduction in solids.
The classical uncoupled and coupled thermoelastic theories of Biot [1] and Nowacki [2] have an inherent paradox arising from the assumption that the thermal waves propagate at infinite velocity which contradict with the physical observations.
The parabolic type of heat conduction equation based on Fourier's law of heat conduction gives rise to the paradox of infinite speed of heat propagation inherent in the coupled theory of thermoelasticity. Generalized thermoelasticity have been developed to remove this paradox by converting the parabolic heat equation into a hyperbolic -type differential equation
Many attempts have been carried out to formulate the generalized theory of thermoelasticity. Lord and Schulman [3] first introduced their theory of generalized thermoelasticity introducing one relaxation time in Fourier's law of heat conduction equation and thus transforming the heat conduction equation into a hyperbolic type. Their theory admits finite speed of heat propagation. Green and Lindsay [4] introduced the second generalization to the coupled theory. It is known as the generalized theory with two relaxation times. It was developed by Muller [5] , Green and Laws [6] , Suhubi [7] but Green and Lindsay introduced the explicit version of this theory. One can refer Ignaczak [8] and to Chandrasekharaiah [9] for a review, presentation of generalized theories. Hetnarski and Ignaczak in their survey article [10] examined five generalization to the coupled theory and obtained a number of important analytical results. Hetnarski and Eslami [11] introduced a unified generalized thermoelasticity theory and present advanced theory and applications of classical thermoelasticity, generalized thermoelasticity, and mathematical and mechanical background of thermodynamics and theory of elasticity as well.
Chen and Gurtin [12] and Chen et al. [13] [14] have formulated theory of heat conduction in deformable bodies, which depends on two distinct temperatures, the conductive temperature and the thermodynamic temperature. A new theory, of two temperatures which generalized thermoelasticity was introduced by Youssef [15] . It states that the difference between these two types of temperatures is proportional to the heat supply. In the context of the theory of two temperatures generalized thermoelasticity many authors treated specific problems based on this theory [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] .
Fraction calculus has been used in a wide range to improve many existing model of physical processes, especially to model polymers materials. The presence of the fractional order operator in the differential equations affects the history of the system, which means that the next states of the system will depend, on the current state and also upon all of its previous states [26] . This leads to use the fractional order calculus extensively in many applications in fluid mechanics, physics, engineering, viscoelasticity and many other fields. Various definitions and applications of fractional derivatives have become the main purpose of many studies [26] - [40] . Comments on most of these works are mentioned in Bassiouny et al [26] . In the present work we will use the definition introduced by Kimmich [36] who study time-fractional diffusionwave equation and use the Riemann-Liouville fractional integral as:
where Γ (ξ) is the Gamma function. The present model constructed in the context of the generalized thermopiezoelasticity theory with fractional order heat equation where 0< ξ < 2 to describe different types of diffusion where 0< ξ < 1 corresponds to weak diffusion, ξ = 1 corresponds to normal diffusion 1 < ξ < 2, corresponds to strong diffusion and ξ = 2 corresponds to ballistic diffusion. This is used to investigate the propagation of thermal wave through a semi infinite rod made of piezoelectric ceramic supplied a uniform flow of heat during a finite period of time at the near end of the rod.
Mathematical Modeling: One Dimensional Formulation
Following [18 − 19] and [25 − 26] , we can write directly now the one dimensional constitutive equations describing the present model:
We consider the following forms of the linearized basic equations in onedimensional formulation:
where γ = α t (3λ + 2µ), α t is the coefficient of the linear thermal expansion, k is the coefficient of thermal conductivity and x is the coordinate taking along the rod.
It is convenient now to apply the following dimensionless variabled
From Gauss's law, since there is no free charge inside the piezoelectric rod, we can conclude from (9) that D = const.
Solution of the Problem
Substituting from equation (11) into equations (3) − (10) and dropping the primes for convenience, we obtain the following set of non-dimensional equations Bassiouny et al [25 − 26] :
q
and the following relation between the conductive temperature and the thermodynamical temperature:
where
Consider a semi-infinite piezoelectric rod occupying the region x ≥ 0, at the near end of the rod being free of traction, a uniform flow of heat is supplied to the rod during a finite period of time. Under these assumption the boundary conditions are giving by:
where F o is the heat flux intensity and δ to (t) is well-known impulse function given by:
and the initial conditions are assumed to be:
Applying the Laplace transform defined by
to equations (12)
(
where s denotes the complex argument related to the Laplace transform The transformed boundary conditions take the forms
and the transformed component of the heat flux vector therefore becomes
The transformed boundary conditions (19) will take the following form:
and the corresponding transformed initial conditions (20) assume the form:
After eliminating θ between equations (24) and (26) and using equation (22) we obtain,
and
Solving equations (31) and (32) together, we get the following fourth order equation
It is worth mentioning here that the roots of equations (35) are functions of s and assume the forms:
Thus the solutions of the equations (31) and (32) satisfying the boundary conditions at infinity are:
where A 1 , A 2 , B 1 , and B 2 are coefficients depending on s. Introducing the boundary conditions (27) and (29) in (40)- (41) will enable us to determine these constants, i.e.,
(42)
Thus the conductive temperature ϕ is determined and is given by;
The unknown field functions of the present model now take the following forms in the Laplace domain
where i = 1, 2
The equations (44) − (49) represent the complet solution of the problem written the Laplace domain.
The previous results obtained before in the model [25] can be obtained as a special case of the present model when ξ = 1.
We compute numerically the inverse functions of heat conduction, stress, strain, displacement, thermodynamical temperature and the heat flux vector using a method based on Fourier expansion technique in which the original function f (t) of the Laplace transform f (s) is
where ε 1 is a prescribed small positive number that corresponds to the degree of accuracy required and Re is the real part. The parameter c is a positive free parameter that must be greater than the real part of all the singularities of f (s). The optimal choice of c was obtained according to the criteria described in [41] 
Numerical Results and Discussion
The numerical values of the conductive temperature, thermodynamical temperature, displacement, stress, and strain have been studied for different values of ramp time t o , fractional order ξ, two temperature parameter ω, and different time t. The results are represented graphically in figures 1 − 10. Figures1 − 2 represent the role of varying the fractional order on the behavior of the field functions ϕ, θ, u, σ, and the strain e. the functions ϕ, θ resemble the same behavior with different values of the fractional order parameter ξ according to the equation (26) . it is clear in figs. 1a and 1b that the amplitudes of ϕ and θ vary inversely with varying ξ. In fig 1c the displacement u increases close to the near end of the rod up to certain value of x = x c and changing its sign at this point and start decreasing when x ≥ x c . Fig 2a illustrates the effect of different ξ on the stress. The stress starts with tensile values at the near end of the rod then it becomes compressive and diminishes far from the near end of the rod . Fig 2b shows that the strains's amplitude vary inversely with increasing values of fractional order parameter ξ.
The role of different values of the two temperature parameter ω on the behavior of the conductive temperature ϕ is presented in fig. 3a . It shows that the value of conductive temperature ϕ vary inversely with increasing the value of the two temperature parameter ω unlike of its behavior under varying fractional order parameter ξ. We noticed that the thermodynamical temperature θ starts varying inversely with different values of the two temperature parameter ω up to certain value of x, then θ will vary proportionally with ω. the displacement resembles the same behavior under varying ω as well as with ξ as illustratedin fig.3c and 1c .
In figs 4a and 4b it is seen that the absolute values of the amplitudes of the stress and strain are vary inversely with different values of ω.
And we notice that for all values of ω the stress changed from tensile to compressive at the same point x.
The effect of different values of time on the conductive and thermodynamical temperature is presented in figs. 5a and 5b. The amplitude of ϕ and θ vary inversely with different values of time. i.e., the greater the value of the time is the samaller the value of the amplitudes. It is also noticed that far away of near end of the rod changing the value of time does not affect the amplitude of ϕ or θ. Unlike the absolute value of the amplitude of the displacement which varies inversely with the fractional order as seen in fig. 1c it changes proportionally with different values of time t as seen in fig. 5c . In figs. 6a and 6b the stress and the strain resemble the same behavior with varying the value of the time as well as with varying the value of the fractional order, compare figs 6a and 6b with 2a and 2b.
While investigating the effect of the ramp time on the behavior of the different field functions in figs. 7,8 and 9. In fig. 7a we noticed that the ramp time increases the amplitude of the conductive temperature while it has a very slight effect on the thermodynamical temperature was illustrated in fig. 7b . In figs 7c, 8a aand 8b. We noticed that varying the ramp time value has very slight effects on the functions u, σ and the strain e.
Acomparsion between ϕ and θ is illustrated in Figs. 9. We noticed that when the values of the ramp time attain values near the value of the time the amplitude of ϕ is greater that that of θ in accordance with equation (26) .
In fig.1o we present the effects of the fractional order, the two temperatures, the time and the ramp time parameters on the heat flux vector change strongly according to the changes in the values of these parameters. 
